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CV\U[dV^U GaTe, T̀ We IUfeYeUce aUd PYVgYaT
S`U[OeZPZ 

CS3100 FaSS 2019 

Re]Pe^

PYe]PV\ZS`
C\[Z and Nega[ion

TOPZ Sec[\Ye
Applica[ionZ of PYolog

Sol]ing [he co\n[do^n game.
Concep[ of i[eYa[i]e deepening.

T̀ pe InfeYence foY STLC
PYogYam Z`n[heZiZ \Zing i[eYa[i]e deepening.

CV\U[dV^U gaTe
We ha]e looked a[ a fe^ geneYa[e and [eZ[ p\aaleZ befoYe

D\[ch na[ional Åag, N-Q\eenZ
Time foY ano[heY one.

ThiZ one doeZn'[ \Ze SeUm .
Co\n[do^n iZ a TV Zho^ [ha[ ^aZ ]eY` pop\laY in [he 90Z in [he UK.

R\SeZ
Selec[ 6 of 24 n\mbeY [ileZ

laYge n\mbeYZ: 25,50,75,100
Zmall n\mbeYZ: 1,2,3...10 ([^o of each)

Con[eZ[an[ chooZeZ ho^ man` laYge and Zmall
Randoml` choZen 3-digi[ [aYge[ n\mbeY
Ge[ aZ cloZe aZ poZZible \Zing each of [he 6 n\mbeYZ a[ moZ[ once and [he opeYa[ionZ of addi[ion,
Z\b[Yac[ion, m\l[iplica[ion and di]iZion
No Åoa[Z oY fYac[ionZ allo^ed

If `o\ ^an[ [o ^a[ch ho^ [he pYoZ do i[, highl` Yecommend ^a[ching JameZ MaY[in 952
(h[[pZ://^^ .̂`o\[\be.com/^a[ch?]=6mCgiaAFC\8) on `o\[\be.
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S[Ya[eg` ¶ geUeYa[e aUd [eZ[
main[ain a liZ[ of Z`mbolic aYi[hme[ic [eYmZ
ini[iall` [hiZ liZ[ conZiZ[Z of gYo\nd [eYmZ e.g.: [25,50,75,100,6,3]
if [he head of [he liZ[ e]al\a[eZ [o [he [o[al [hen Z\cceed
o[heY^iZe pick [^o of [he elemen[Z, combine [hem \Zing one of [he a]ailable aYi[hme[ic opeYa[ionZ, p\[
[he YeZ\l[ on [he head of [he liZ[, and Yepea[

PYeYeX\PZP[eZ
eYal(A,B)  ¶ [Y\e if [he Z`mbolic e_pYeZZion A e]al\a[eZ [o B.
chRRVe(N,L,R,S)  ¶ [Y\e if R iZ [he YeZ\l[ of chooZing N i[emZ fYom L and S iZ [he Yemaining i[emZ lef[

in L. The oYdeY of i[emZ in N doeZ no[ ma[[eY.
aUiWhRS(A,B,C)  ¶ [Y\e if C iZ a ]alid combina[ion of A and B

E]aS

In¦[1]:

COVVZe

In¦[2]:

In¦[3]:

Added 5 claXVeV(V).

Added 3 claXVeV(V).

Y = [ 2, 3, 4, 5 ], X = [ 1 ] ; 
Y = [ 1, 3, 4, 5 ], X = [ 2 ] ; 
Y = [ 1, 2, 4, 5 ], X = [ 3 ] ; 
Y = [ 1, 2, 3, 5 ], X = [ 4 ] ; 
Y = [ 1, 2, 3, 4 ], X = [ 5 ] .

eYal(SlXV(A,B),C) :- !, eYal(A,VA), eYal(B,VB), C iV VA + VB.
eYal(mXlW(A,B),C) :- !, eYal(A,VA), eYal(B,VB), C iV VA * VB.
eYal(minXV(A,B),C) :- !, eYal(A,VA), eYal(B,VB), C iV VA - VB.
eYal(diY(A,B),C) :- !, eYal(A,VA), eYal(B,VB), C iV VA diY VB.
eYal(A,A).

chRRVe(0,L,[],L).
chRRVe(N,[H_T],[H_R],S) :- N > 0, M iV N-1, chRRVe(M,T,R,S).
chRRVe(N,[H_T],R,[H_S]) :- N > 0, chRRVe(N,T,R,S).

?- chRRVe(1,[1,2,3,4,5],X,Y).
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In¦[4]:

HeSWeY WYedPca[eZ fVY AYP[OOW

In¦[5]:

AYP[OOW

In¦[6]:

AYP[OOW

In¦[7]:

Y = [ 3, 4, 5 ], X = [ 1, 2 ] ; 
Y = [ 2, 4, 5 ], X = [ 1, 3 ] ; 
Y = [ 2, 3, 5 ], X = [ 1, 4 ] ; 
Y = [ 2, 3, 4 ], X = [ 1, 5 ] ; 
Y = [ 1, 4, 5 ], X = [ 2, 3 ] ; 
Y = [ 1, 3, 5 ], X = [ 2, 4 ] ; 
Y = [ 1, 3, 4 ], X = [ 2, 5 ] ; 
Y = [ 1, 2, 5 ], X = [ 3, 4 ] ; 
Y = [ 1, 2, 4 ], X = [ 3, 5 ] ; 
Y = [ 1, 2, 3 ], X = [ 4, 5 ] .

Added 3 claXVeV(V).

Added 6 claXVeV(V).

X = SlXV(3, 6) ; 
X = minXV(6, 3) ; 
X = mXlW(3, 6) ; 
X = diY(6, 3) .

?- chRRVe(2,[1,2,3,4,5],X,Y).

iVGUeaWeU(A,B) :- eYal(A,AY), eYal(B,BY), AY > BY.
nRWOne(A) :- eYal(A,AY), AY =\= 1.
iVFacWRU(A,B) :-  eYal(A,AY), eYal(B,BY), 0 iV BY Uem AY.

/* aUiWhRS(+A, +B, -C) */
/* Xnif\ C ZiWh a Yalid binaU\ RSeUaWiRn Rf e[SUeVViRnV A and B */
aUiWhRS(A,B,SlXV(A,B)).
/* nR negaWiYe nXmbeUV allRZed */
aUiWhRS(A,B,minXV(A,B)) :- iVGUeaWeU(A,B).
aUiWhRS(A,B,minXV(B,A)) :- iVGUeaWeU(B,A).
/* dRn'W allRZ mXlW b\ 1 */
aUiWhRS(A,B,mXlW(A,B)) :- nRWOne(A), nRWOne(B).
/* dRnW allRZ diY b\ 1 and nR fUacWiRnV allRZed */
aUiWhRS(A,B,diY(A,B)) :- nRWOne(B), iVFacWRU(B,A).
aUiWhRS(A,B,diY(B,A)) :- nRWOne(A), iVFacWRU(A,B).

?- aUiWhRS(3,6,X).
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CV\U[dV^U

In¦[8]:

HeYe, [he ÄYZ[ cla\Ze iZ [he [eZ[ and [he Zecond cla\Ze iZ geUeYa[e.

CV\U[dV^U
Le['Z [Y` [hiZ o\[ on [he Zame n\mbeY [ha[ JameZ MaY[in ^aZ gi]en in 1997.

In¦[9]:

CSVZeZ[ ZVS\[PVU
If [heYe aYe no Zol\[ionZ, ^e ^an[ [o Änd [he cloZeZ[ Zol\[ion.

DeÄne a helpeY pYedica[e diff/2 .

In¦[10]:

In¦[11]:

Added 2 claXVeV(V).

A = SlXV(mXlW(SlXV(100, 3), diY(mXlW(75, 6), 50)), 25) ; 
A = SlXV(diY(mXlW(SlXV(100, 3), mXlW(75, 6)), 50), 25) ; 
A = SlXV(mXlW(diY(mXlW(75, 6), 50), SlXV(100, 3)), 25) ; 
A = diY(minXV(mXlW(SlXV(100, 6), mXlW(75, 3)), 50), 25) ; 
A = diY(minXV(mXlW(mXlW(SlXV(100, 6), 75), 3), 50), 25) ; 
A = diY(minXV(mXlW(mXlW(SlXV(100, 6), 3), 75), 50), 25) ; 
A = diY(minXV(mXlW(mXlW(75, 3), SlXV(100, 6)), 50), 25) ; 
A = SlXV(diY(mXlW(mXlW(SlXV(100, 3), 75), 6), 50), 25) ; 
A = SlXV(diY(mXlW(mXlW(SlXV(100, 3), 6), 75), 50), 25) ; 
A = SlXV(diY(mXlW(mXlW(75, 6), SlXV(100, 3)), 50), 25) ; 
A = SlXV(mXlW(diY(mXlW(75, 6), 50), SlXV(100, 3)), 25) .

Added 2 claXVeV(V).

WUXe.

cRXnWdRZn([SRln__],TaUgeW,SRln) :- 
  eYal(SRln,TaUgeW).
cRXnWdRZn(L,TaUgeW,SRln) :- 
  chRRVe(2,L,[A,B],R), 
  aUiWhRS(A,B,C),
  cRXnWdRZn([C_R],TaUgeW,SRln).

?- cRXnWdRZn([25,50,75,100,6,3],952,A) ^20`.

diff(X,Y,D) :- D iV X - Y.
diff(X,Y,D) :- D iV Y - X.

?- diff(3,5,2).
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In¦[12]:

CSVZeZ[ SVS\[PVU
DeÄne [he f\nc[ion gen/3  ^hich geneYa[eZ ]al\eZ ^i[hin [he gi]en bo\ndZ.

In¦[13]:

In¦[14]:

CSVZeZ[ SVS\[PVU

In¦[15]:

ThiZ [echniq\e of ZeaYching foY Zol\[ion ^i[h diɈ 0, [hen diɈ 1, and Zo on iZ called I[eYa[P]e DeeWeUPUg in AI.

In¦[16]:

T̀ We IUfeYeUce fVY STLC
Le[ \Z de]elop a [`pe infeYence pYoced\Ye foY Simpl` T̀ ped Lambda Calc\l\Z (STLC).

WUXe.

Added 2 claXVeV(V).

X = 0 ; 
X = 1 ; 
X = 2 ; 
X = 3 ; 
X = 4 ; 
X = 5 .

Added 3 claXVeV(V).

A = diY(SlXV(mXlW(mXlW(SlXV(50, 3), 75), 6), 100), 25), D = 1 .

?- diff(5,3,2).

gen(S,E,S).
gen(S,E,P) :- S < E, S2 iV S+1, gen(S2,E,P).

?- gen(0,5,X).

VRlYe2([SRln__],TaUgeW,SRln,D) :- 
  eYal(SRln,R), diff(TaUgeW,R,D).
VRlYe2(L,TaUgeW,SRln,D) :- 
  chRRVe(2,L,[A,B],R),
  aUiWhRS(A,B,C),
  VRlYe2([C_R],TaUgeW,SRln,D).
clRVeVW(L,TaUgeW,SRln,D) :- 
  gen(0,100,D), VRlYe2(L,TaUgeW,SRln,D).

?- clRVeVW([25,50,75,100,6,3],959,A,D) ^1`.
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p `p p p ` `p ( )
Recall [he [emZ in STLC:

STLC T̀ WPUg R\SeZ

T̀ We COecRPUg [V T̀ We IUfeYeUce
STLC Y\leZ aYe pYeZen[ed in a ^a` [ha[ `o\ can eaZil` do [`pe checking.
In [he Z[andaYd pYeZen[a[ion of [`pe infeYence algoYi[hm foY STLC, `o\ ^ill need

T̀ pe ZchemeZ ([`peZ ^i[h ]aYiableZ in [hem)
UniÄca[ion of [`pe ZchemeZ
S\bZ[i[\ion foY ]aYiableZ in [`pe ZchemeZ.

L\ckil` PYolog pYo]ideZ all of [heZe
T̀ pe ZchemeZ -> PYolog [eYmZ ^i[h ]aYiableZ,
UniÄca[ion -> PYolog \niÄca[ion
S\bZ[i[\[ion -> PYolog Z\bZ[i[\[ion.

M` SecYe[ PSaU
^aZ [o [each PYolog ^aZ a ^a` [o [each `o\ [`pe infeYence.

Well, no[ Yeall` :-). B\[ i[ ^oYkZ o\[ ^ell.

ReTV]e ZPTWSe [`WeZ & add WVS`TVYWOPZT



28/10/2019 Oec25

127.0.0.1:8888/QRWebRRNV/Oec25/Oec25.LS\Qb 7/12

Since ^e ha]e [`pe ZchemeZ (]aYiableZ in [eYmZ), ^e can infeY WVS`TVYWOPc [`WeZ!
Ra[heY [han ^Yi[ing , ^e j\Z[ ^Yi[e .

We ^ill infeY [he moZ[ geneYal [`pe foY .
FoY f\n, ^e ^ill alZo in[egeYZ, booleanZ, + and < on in[egeYZ, if-[hen-elZe.

Occ\YZ cOecR
We ^ill enable occ\YZ check Zo [ha[ [he [eYm  ^ill be ill-[`ped.

In¦[17]:

T̀ WPUg J\dgeTeU[
We model [he [`ping en]iYonmen[  aZ a liZ[ of ]aYiable and [`pe paiYZ.

We implemen[ [he pYedica[e lRRkXS/2  [o look\p [he [`pe of a ]aYiable in [he en]iYonmen[.

In¦[18]:

ObZeY]e [ha[ ^e aYe \Zing \+ X = Y  ^hich holdZ ^hen X  doeZ no[ \nif` ^i[h Y .

T̀ WPUg Y\SeZ
Ne_[ ^e encode [he [`ping Y\leZ aZ [he` aYe ZpeciÄed in [he STLC [`ping Y\leZ.

In¦[19]:

T̀ WPUg Y\SeZ
Add [he ne^ [`ping Y\leZ [he addi[ional [eYmZ and opeYa[oYZ.

WUXe.

Added 2 claXVeV(V).

Added 7 claXVeV(V).

?- VeW_SURlRg_flag(RccXUV_check,WUXe).

lRRkXS([(X,A)_T],X,A).
lRRkXS([(Y,_)_T],X,A) :- \+ X = Y, lRRkXS(T,X,A).

/* XniW */     W\Se(G,X,XniW).                                          
/* -> elim */  W\Se(G,aSS(M,N),B)           :- W\Se(G,M,A -> B),W\Se(G,N,A). 
/* -> inWUR */ W\Se(G,lam(YaU(X),M),A -> B) :- W\Se([(X,A)_G],M,B).          
/* X elim1 */  W\Se(G,fVW(M),A)             :- W\Se(G,M,A * B).              
/* X elim2 */  W\Se(G,Vnd(M),B)             :- W\Se(G,M,A * B).              
/* X inWUR */  W\Se(G,SaiU(M,N),A * B)      :- W\Se(G,M,A), W\Se(G,N,B).     
/* YaU */      W\Se(G,YaU(X),A)             :- lRRkXS(G,X,A).                
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In¦[20]:

In¦[21]:

T̀ We PUfeYeUce
No^ ^e can infeY [he [`pe of pYogYamZ ^Yi[[en in STLC.

Wha[ iZ [he [`pe of ?

In¦[22]:

^ha[ iZ [he [`pe of ?

In¦[23]:

I[ iZ inW -> inW -> inW .

T̀ We PUfeYeUce
We can alZo infeY pol`moYphic [`peZ.

Wha[ iZ [he [`pe of ?

In¦[24]:

I[ iZ inW * 'a -> inW .

Added 7 claXVeV(V).

Added 1 claXVeV(V).

X = inW .

Y = YaU(\), X = YaU([), T = ->(inW, ->(inW, inW)) .

X = YaU([), T = ->(*(inW, _1882), inW) .

W\Se(G, X, inW)        :- inWegeU(X).
W\Se(G, WUXe, bRRl).
W\Se(G, falVe, bRRl).
W\Se(G, A + B, inW)    :- W\Se(G,A,inW), W\Se(G,B,inW).
W\Se(G, A - B, inW)    :- W\Se(G,A,inW), W\Se(G,B,inW).
W\Se(G, A < B, bRRl)   :- W\Se(G,A,inW), W\Se(G,B,inW).
W\Se(G, iWe(A,B,C), T) :- W\Se(G,A,bRRl), W\Se(G,B,T), W\Se(G,C,T).

W\Se(TeUm,T\Se) :- W\Se([],TeUm,T\Se).

?- W\Se(1+2,X).

?- X = YaU([), Y = YaU(\), W\Se(lam(X,lam(Y,iWe(X < Y,X+Y,X-Y))),T).

?- X = YaU([), W\Se(lam(X,fVW(X)+1),T).
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T̀ We PUfeYeUce

Wha[ iZ [he [`pe of ?

In¦[25]:

I[ iZ ('a -> 'b) -> ('a -> 'b)  oY eq\i]alen[l` ('a -> 'b) -> 'a -> 'b

T̀ We IUfeYeUce
We canno[ infeY [`peZ foY e]eY` pYogYam.

Z\ch pYogYamZ do no[ ha]e a ]alid STLC [`pe.

Wha[ iZ [he [`pe of ?

In¦[26]:

Wha[ iZ [he [`pe of if WUXe When 0 elVe falVe ?

In¦[27]:

PYVgYaT Z`U[OeZPZ
PYogYam Z`n[heZiZ iZ geneYa[ing pYogYamZ accoYding [o a gi]en ZpeciÄca[ion.
O\Y ZpeciÄca[ionZ aYe [`peZ!
Le['Z geneYa[e lambda calc\l\Z pYogYamZ [ha[ coYYeZpond [o a paY[ic\laY [`pe.

We ^ill \Ze i[eYa[i]e deepening [o g\ide o\Y ZeaYch.
O[heY^iZe, PYolog Z[aY[Z [o e_ploYe do^n inÄni[e pa[hZ

pYogYamZ ha]e no bo\nded leng[h and PYolog \ZeZ DFS.
Le['Z \Ze [he dep[h of [he AST in oYdeY [o i[eYa[i]el` ZeaYch Z[aY[ing fYom dep[h of 0.

BV\Uded WYedeceZZVY
DeÄneZ [he pYedeceZZoY foY n\mbeYZ >= 0.

X = YaU([), T = ->(->(_2024, _2026), ->(_2024, _2026)), F = YaU(f) .

falVe.

falVe.

?- F = YaU(f), X = YaU([), W\Se(lam(F,lam(X,aSS(F,X))),T).

?- X = YaU([), W\Se(lam(X,aSS(X,X)),T).

?- W\Se(iWe(WUXe,0,falVe),T).
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In¦[28]:

Add deW[O [V [Oe [`We cOecRPUg Y\SeZ

In¦[29]:

Add deW[O [V [Oe [`We cOecRPUg Y\SeZ.

In¦[30]:

I[eYa[P]eS` ZeaYcO fVY caUdPda[e WYVgYaTZ

Added 1 claXVeV(V).

Added 7 claXVeV(V).

Added 7 claXVeV(V).

SUed(D,DD) :- D >= 0, DD iV D - 1.

W\Se(_,X,XniW,D) :- 
  SUed(D,_).                                                      
W\Se(G,aSS(M,N),B,D) :- 
  SUed(D,DD), W\Se(G,M,A -> B,DD),W\Se(G,N,A,DD).             
W\Se(G,lam(YaU(X),M),A -> B, D) :-                                                  
  SUed(D,DD), W\Se([(X,A)_G],M,B, DD).                                              
W\Se(G,fVW(M),A,D) :-                                                               
  SUed(D,DD), W\Se(G,M,A * _,DD).                                                   
W\Se(G,Vnd(M),B,D) :-                                                               
  SUed(D,DD), W\Se(G,M,_ * B,DD).                                                   
W\Se(G,SaiU(M,N),A * B,D) :-                                                        
  SUed(D,DD), W\Se(G,M,A,DD), W\Se(G,N,B,DD).                                       
W\Se(G,YaU(X),A,D) :-                                                               
  SUed(D,_), lRRkXS(G,X,A).                                                         

W\Se(_,X,inW,D) :-                                                                  
  SUed(D,_), inWegeU(X).                                                            
W\Se(_,D,inW,D) :-                                                                  
  SUed(D,_).                                                                        
W\Se(_,WUXe,bRRl,D) :-                                                              
  SUed(D,_).                                                                        
W\Se(_,falVe,bRRl,D) :-                                                             
  SUed(D,_).                                                                        
W\Se(G,A + B,inW,D) :-                                                              
  SUed(D,DD), W\Se(G,A,inW,DD), W\Se(G,B,inW,DD).                                   
W\Se(G,A < B,bRRl,D) :-                                                             
  SUed(D,DD), W\Se(G,A,inW,DD), W\Se(G,B,inW,DD).                                   
W\Se(G,iWe(A,B,C),T,D) :-                                                           
  SUed(D,DD), W\Se(G,A,bRRl,DD), W\Se(G,B,T,DD), W\Se(G,C,T,DD).
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In¦[31]:

S`U[OeZPZ
Ge[ me [hoZe pYogYamZ ^hoZe [`pe iZ inW .

In¦[32]:

S`U[OeZPZ
Le['Z aZk foY Zome[hing moYe in[eYeZ[ing.

Ge[ me [he pYogYam ^hoZe [`pe iZ A * B -> A .

In¦[33]:

Lo[Z of ]alid pYogYamZ, b\[ no[ [he pYogYam [ha[ ^e aYe looking foY. i.e) [he pYogYam [ha[ doeZn'[ ZpecialiZe A
and B .

Added 1 claXVeV(V).

P = 0 ; 
P = 1 ; 
P = +(0, 0) ; 
P = iWe(WUXe, 0, 0) ; 
P = iWe(falVe, 0, 0) ; 
P = aSS(lam(YaU(_1734), YaU(_1734)), 1) ; 
P = aSS(lam(YaU(_1734), YaU(_1734)), +(0, 0)) ; 
P = aSS(lam(YaU(_1734), YaU(_1734)), iWe(WUXe, 0, 0)) ; 
P = aSS(lam(YaU(_1734), YaU(_1734)), iWe(falVe, 0, 0)) ; 
P = aSS(lam(YaU(_1734), 0), X) .

A = XniW, P = lam(YaU(_1782), X), B = _1724 ; 
A = inW, P = lam(YaU(_1782), 0), B = _1724 ; 
A = bRRl, P = lam(YaU(_1782), WUXe), B = _1724 ; 
A = bRRl, P = lam(YaU(_1782), falVe), B = _1724 ; 
A = XniW, P = aSS(lam(YaU(_1800), YaU(_1800)), lam(YaU(_1838), X)), B 
= _1724 ; 
A = inW, P = aSS(lam(YaU(_1800), YaU(_1800)), lam(YaU(_1838), 0)), B = 
_1724 ; 
A = bRRl, P = aSS(lam(YaU(_1800), YaU(_1800)), lam(YaU(_1838), WUXe)), 
B = _1724 ; 
A = bRRl, P = aSS(lam(YaU(_1800), YaU(_1800)), lam(YaU(_1838), falV
e)), B = _1724 ; 
A = XniW, P = lam(YaU(_1782), X), B = _1724 ; 
A = ->(_1814, XniW), P = lam(YaU(_1782), lam(YaU(_1810), X)), B = _172
4 .

V\nWheVi]e(P,T) :-                                                                  
  gen(0,10,D), W\Se([],P,T,D).     

?- V\nWheVi]e(P,inW).

?- V\nWheVi]e(P,(A*B)->A).
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S`U[OeZPae
Ge[ me [he pYogYam ^hoZe [`pe iZ A * B -> A , ^heYe A  and B  Yemain pol`moYphic, and A  and B  do
no[ \nif .̀

In¦[34]:

Tha['Z [he pYogYam ^e aYe looking foY: .

FPU. 

A = VaUiable(255), P = lam(YaU(_1976), fVW(YaU(_1976))), B = VaUiable
(258) .

?- V\nWheVi]e(P,(A*B)->A), YaU(A), YaU(B), dif(A,B) ^1`.


