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Context
• Previously: Lambda Calculus

✦ This lecture: Prove deeper properties about programs correctness. 

✦ Not just absence of crashes (type soundness)

• Go back to an imperative language with valuation and heap 
(aliasing, pointers)

• Describe the semantics of the program using operational 
semantics

✦ But directly proving properties on operational semantics becomes 
tedious

• Hoare Logic: Machinery for proving program correctness 
automatically

✦ Invented by C.A.R.Hoare (the same person who invented quick sort).



Syntax

Heap h := nat ! nat
Valuation v := var ! nat
Assertion a := heap ! valuation ! Prop

<latexit sha1_base64="IXCz4m7qpiUgIZTlyfyuTSZGisc="></latexit>



Semantics of Expressions



Semantics of Commands



Hoare Triple
{P}c{Q}

<latexit sha1_base64="YMOtUW78lL4oPon3B/JtuYyYKuE=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2A9oQtlsN+3SzSbubgol5Hd48aCIV3+MN/+N2zQHbX0w8Hhvhpl5fsyZ0rb9bZU2Nre2d8q7lb39g8Oj6vFJV0WJJLRDIh7Jvo8V5UzQjmaa034sKQ59Tnv+9H7h92ZUKhaJRz2PqRfisWABI1gbyXPTlpshgty07WbDas2u2znQOnEKUoMCrWH1yx1FJAmp0IRjpQaOHWsvxVIzwmlWcRNFY0ymeEwHhgocUuWl+dEZujDKCAWRNCU0ytXfEykOlZqHvukMsZ6oVW8h/ucNEh3ceikTcaKpIMtFQcKRjtAiATRikhLN54ZgIpm5FZEJlphok1PFhOCsvrxOuld1p1G/bjdqzbsijjKcwTlcggM30IQHaEEHCDzBM7zCmzWzXqx362PZWrKKmVP4A+vzBxLKkag=</latexit>

Pre-condition Post-condition

P,Q := heap ! valuation ! Prop

<latexit sha1_base64="Ks3C9Z+4SI4+CjvUoxkEnUEp26c=">AAACO3icbVC7SgNBFJ31bXxFLW0Gg2AhYVcUxUq0sYxgVEhCuDu5SQZnZ9aZu0oI+Rd/xNZWW2s7sbV3NqYw6oGBwzn3NSdOlXQUhq/BxOTU9Mzs3HxhYXFpeaW4unbpTGYFVoVRxl7H4FBJjVWSpPA6tQhJrPAqvjnN/as7tE4afUG9FBsJdLRsSwHkpWbxqLLDz3k9H6Tx9pZ3EVJet7LTJbDW3PM7UNmwdkytWJM2i6WwHA7B/5JoREpshEqz+F5vGZElqEkocK4WhSk1+mBJCoWDQj1zmIK4gQ7WPNWQoGv0h38c8C2vtHjbWP808aH6s6MPiXO9JPaVCVDX/fZy8T+vllH7sNGXOs0Itfhe1M4UJ8PzwHhLWhSkep6AsNLfykUXLAjysY5tyWeTMcoNCgUfTvQ7ir/kcrcc7ZX3z/dKxyejmObYBttk2yxiB+yYnbEKqzLBHtgTe2YvwWPwFrwHH9+lE8GoZ52NIfj8Ajnprqo=</latexit>

• Capture the effect of each command on the valuation and the 
heap.

✦ Pre- and post-conditions are an abstraction of the program behaviour

• Use this to build up to the effect of the entire program



Hoare Triple (Part 1)



Hoare Triple (Part 2)

Strongest post-condition

∀Q, ({P} c {Q}) ⟹ (sp(c, P) ⟹ Q)



Hoare Triple (Part 3)

[Consequence]

Strengthen 
precondition

Weaken
Postcondition

We can prove with

and the consequence rule.



Hoare Triple (Part 4)

loop invariant 

• Loop invariant holds true at the beginning, during and at the end 
of the loop

✦ Closely connected to invariants in transition systems

• Loop invariants give the induction hypothesis that makes the 
correctness proof go through

✦ Is not syntax directed

• Inferring good loop (inductive) invariants is active research



Towards automated verification

{P} C {Q}

If Q unifies with 
syntactic rule for C

Proceed recursively  
on premises of C

Otherwise, apply 
[consequence] +
[syntactic rule]

{P} C {Q’}  
/\ 

Q’ => Q

Q’ => Q can be discharged 
with SMT solver



Soundness
• Connect Hoare Triple with Operational Semantics

✦ Similar to types and operational semantics

✦ What is the analogy of “well-typed programs do not crash” here?



Selection Sort
selection_sort (a,n) = 
  i <- 0;             
  while i < n loop   
    j <- i + 1;     
    best <- i;     
    while j < n loop 
      when *(a + j) < *(a + best) then 
        best <- j 
      else skip; 
      j <- j + 1 
    done 
    tmp <- *(a + best); 
    *(a + best) <- *(a + i); 
    *(a + i) <- tmp; 
    i <- i + 1 
  done 
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Hoare Logic + Small-step
• As we know, big step operational semantics can only deal with 

terminating programs

• Hoare Logic naturally applies to small step semantics as well



Small-step Operational Semantics



Invariant Safety
• Small-step semantics is said to be stuck when the command is 

not Skip, but no way to take a step.

✦ In lambda calculus, 0 + (\x.x). What is an example of stuck expression 
in our language?


