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Following up on Pranav’s talk from the morning 

Why MRDTs?



• OR set 
• A concurrent set where add-wins in a concurrent add(e) and rem(e) 

• States are asynchronously broadcast to other replicas


• Space usage O( |adds | )

(Σa, Σr)
read() {a ∣ (a, id) ∈ Σa∖Σr}

(Σa, Σr)
merge(Σ′￼a,Σ′￼r) (Σa ∪ Σ′￼a, Σr ∪ Σ′￼r)

Observed-Removed (OR) set CRDT

Tombstones

(Σa, Σr)
rem(a) (Σa, Σr ∪ { (a, id) ∣ (a, id) ∈ Σa }

add(a) (Σa ∪ {(a, id)}, Σr) where id is freshConcrete state := (Σa, Σr)



OR Set MRDT

{ (a,1), (b,2) }

{ (b,2) } { (a,1), (b,2), 
(a,3) }

rem(a) add(a)

{ (b,2), (a,3) }

μ μ

let merge lca v1 v2 =  
  (lca ∩ v1 ∩ v2) (* unchanged or removed elements *) 
  ∪ (v1 ∖ lca) (* added elements on left *) 
  ∪ (v2 ∖ lca) (* added elements on right *) 

• Associate timestamp (id) with the element


• Add associates a fresh timestamp with the element


• Remove removes all matching elements with any id 

• Removed from the concrete state! 

• Read returns the set removing ids

• Space usage 


• Duplicates — same element with different ids

O( |adds ∩ live | )

LCA



• How did we eliminate tombstones?


• Swept under the rug — MRDT runtime.


• MRDT runtime


• Git-like distributed store with branching and merging


• Support 3-way merge with lowest common ancestor 
(LCA)
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• Swept under the rug — MRDT runtime.


• MRDT runtime


• Git-like distributed store with branching and merging


• Support 3-way merge with lowest common ancestor 
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• If F and G were the only two replica states


• Only the LCA E is needed for any future merge

Garbage collection of histories
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• If F and G were the only two replica states


• Only the LCA E is needed for any future merge


• Asynchronously garbage collect all previous commits


• And associated states 

Garbage collection of histories
A

B C

E

F G

D

LCA

APLAS 2020



Efficient OR set MRDT
{ (a, r2, 1), 

   (b, r1, 2) }

{ (b, r1, 2) } { (a, r2, 3),  
   (b, r1, 2) }

rem(a)@r1 add(a)@r2

{ (a, r2, 3),  
   (b, r1, 2) }

μ μ

• Elements tagged with replica id and timestamp


• add(e) @ replica r, 


• Remove any (e, r, ts) for any ts


• Add (e, r, ts’) for a fresh timestamp ts’


• Remove, read and merge remain similar.


• Space usage 


• Duplicates — same element from different 
replicas

O( | live | . n)



Not the first efficient OR set
• Op-based CRDT 


• Maintains causality info in a version vector


• Space complexity O( | live | . n + n)



Not the first efficient OR set
• 1st PaPoC


• When it was PaPEC!


• State-based CRDT in Riak


• And buggy!



Buggy Riak DT Map

https://christophermeiklejohn.com/erlang/lasp/2019/03/08/monotonicity.html 

https://christophermeiklejohn.com/erlang/lasp/2019/03/08/monotonicity.html


Not an isolated incident

6th PaPoC



• The goal is to verify the correctness of RDTs


• What’s common between designing RDTs 
and pen-and-paper proofs?


• I make mistakes in both!


• Machine-checked proofs


• Use SMT-solvers, proof-oriented PLs, proof-
assistants

Verifying RDTs
Peepul

Neem



Convergence alone is insufficient

μ(a, b) = μ(b, a) Commutativity
μ(a, a) = a Idempotence

μ(μ(a, b), c) = μ(a, μ(b, c)) Associativity

7

8

7

10

10

fork

+1

merge

merge

v1

v2

+3

let merge v1 v2 = max v1 v2 Intent is not 
captured

Satisfies 
algebraic 
properties

Merge function μ



Peepul: Capturing Intent through Axiomatic Spec

• Abstract state = events + visibility (partial order) 
• Operations = folds over abstract state

Specification

  MRDT operations +  
3-way merge function

Implementation

Simulation 
relation

A proof-oriented SMT-aided programming language



Abstract state of a data type

An abstract state for a data type τ = (Opτ, Valτ) is a tuple 
I = ⟨E, oper, rval, time, vis⟩,

where 
E ⊆ Event (set of events),
oper : E → Opτ (operation of each event),
rval : E → Valτ (return value of each event),
time : E → Timestamp (timestamp of each event),
vis ⊆ E × E (visibility relation) .



Specifying OR set behaviour
{ (a,1) }

{ (a,1),  
   (a,2) } { }

add(a) rem(a)

{ (a,2) }

μ μ

add(a)

add(a) rem(a)

vis vis

rd

vis vis

ℱorset(𝗋𝖽, ⟨E, oper, rval, time, vis⟩) = { a ∣ ∃e ∈ E . oper(e) = 𝖺𝖽𝖽(a) ∧

¬(∃f ∈ E . oper( f ) = 𝗋𝖾𝗆𝗈𝗏𝖾(a) ∧ e vis f ) }

Concrete state Abstract state

= { a }



• Connect the abstract and the concrete state

Simulation Relation for OR set



•  Prove that the simulation holds for operations


• Prove that the simulation holds for merge

Verification

to prove 

Operation definition

Simulation 

relation

defined once-and-for-all 

Merge definition

Assume

defined once-and-for-all 
To prove



• Prove that the specification and the implementation agree on the return values of 
operations


• Prove convergence

Verification (not done yet)



Verified MRDTs using Peepul



• Queue specification more complicated than the implementation


• Recovering a queue structure from a partially-ordered soup of events is HARD!


• Proofs are manual


• F* isn’t great for manual proofs

Challenges with Peepul
• Execution graph = events + visibility (partial order) 
• Operations = folds over execution graphs

Specification

  Sequential data type + 
operations + 3-way 

merge function

Implementation

Simulation 
relation

Complex Manual



Is there a more natural spec?
σ0

σ2

σ1

σ4

σ3

fork

op1

μ

μ

op2

σ4

σ3op3

μ

σ5

op4

σ6

μ

μ

μ
σ5 = σ6 = linearization({op1, op2, op3, op4}) σ0



Replication-aware Linearizability 

• Replica states should be a linearisation of observed update operations


• Linearisation total order  compatible with partially-ordered visibility relation 


• No real-time ordering requirement unlike traditional linearizability


• Payoff


• If a replicated object is RA-linearizable, reason about it using sequential semantics

lo vis



Using RA-linearizability for verification
add(a); 

rem(a); 

X = read();

add(a); 

Y = read();

a ∈ X ⟹ a ∈ Y

• Since Add-wins set is RA-linearizable, you can use totally ordered trace and the 
sequential reasoning

  add(a);     rem(a);       add(a);      X = read();   Y = read() 

    {a}         {}            {a}          X = {a}      Y = {a}



Using RA-linearizability for verification
add(a); 

rem(a); 

X = read();

add(a); 

Y = read();

a ∈ X ⟹ a ∈ Y

• Let’s try to make the statement false


• Make  true and  falsea ∈ X a ∈ Y



Replication-aware Linearizability 

• Presented a proof methodology to show that a CRDT is linearisable


• Not automated or mechanised



Neem: Automatic verification of RDTs
• Definition of RA-linearizability for MRDTs


• A novel induction scheme for MRDTs and state-based CRDTs to automatically verify 
RA-linearizability


• Implemented in F*



Specifying RDTs in Neem
• Not all operations commute

• Add-wins set — add(a) and rem(a) do not commute


• Specify ordering using the Conflict Resolution relation 


• Linearization order  must be compatible with  for concurrent events


• Neem developers provide

• MRDT = Sequential Data Type + 3-way merge


• Conflict Resolution  relation

rc = {(rema, adda) |a ∈ 𝔼}

lo rc

rc



Add-wins Set

State
Updates
Queries

Init State
Update 

behaviour

Merge

Query behaviour
Resolve conflict

{ (a,1) }

{ } { (a,1),
(a,2) }

e1 : rema e2 : adda

{ (a,2) }

μ μ

// ts = 2

{(a,2)} = adda(rema{(a,1)})



Bottom up linearisation

{ (a,1) }

{ } { (a,1),
(a,2) }

e1 : rema e2 : adda

{ (a,2) }

μ μ

To show
μ(σ, e1(σ), e2(σ)) = e2(e1(σ))

σ

// ts = 2

rc = {(rema, adda) |a ∈ 𝔼}



Bottom up linearisation
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Bottom up linearisation

{ (a,1) }

{ } { (a,1),
(a,2) }

e1 : rema e2 : adda

{ (a,2) }

μ μ

To show
e2(μ(σ, e1(σ), σ)) = e2(e1(σ))

σ

// ts = 2

rc = {(rema, adda) |a ∈ 𝔼}



Bottom up linearisation

{ (a,1) }

{ } { (a,1),
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e1 : rema e2 : adda

{ (a,2) }

μ μ

To show
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σ
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Bottom up linearisation

{ (a,1) }

{ } { (a,1),
(a,2) }

e1 : rema e2 : adda

{ (a,2) }

μ μ

To show
e2(e1(μ(σ, σ, σ))) = e2(e1(σ))

σ

// ts = 2

rc = {(rema, adda) |a ∈ 𝔼}



Bottom up linearisation
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Bottom up linearisation

{ (a,1) }

{ } { (a,1),
(a,2) }

e1 : rema e2 : adda

{ (a,2) }

μ μ

To show
e2(e1(σ)) = e2(e1(σ))

σ

// ts = 2

rc = {(rema, adda) |a ∈ 𝔼}



Verified MRDTs

Neem also supports verification of RA-linearizability of state-based CRDTs 
https://github.com/prismlab/neem

https://github.com/prismlab/neem


• Automated verification in F* returns yes / no / ¯\_(ツ)_/¯


• Not pleasant for engineering


• No counterexamples!


• TCB includes the SMT solver


• F* SMT-aided proofs are brittle


• Some lemmas need specific heuristics for fuel, unfolding, etc. 


• z3 upgrade breaks proofs!

Challenges with Neem



• Move Neem from F* to Lean


• Advantages


• Smaller TCB


• Property-based testing 


• Counter-example generation and visualisation


• Agentic proof-oriented programming 

• Fundamentally changing how we construct software


• Coding Agents are great at Lean

Sal: Multi-modal verification of RDTs



• Claude Opus 4.7, with Aristotle for hard proofs


• In the last couple of weeks, compared to the Sal paper


• 13 new CRDTs and 2 new MRDTs have been verified


• Including Peritext, Priority Queue, Bounded Counters

Agentic Proof Oriented Programming in Sal

Pen-and-paper proof + PBT Verified in TLA+ Verified in TLA+



• Original RA-linearizability assumes that a separate sequential spec


• Peepul also expects a separate spec

Weakness of Sal/Neem RA-linearizability

A history h = (E, vis), E ⊆ Queries ⊎ Updates, is RA-linearizable w.r.t. a sequential specification 
Spec if there exists a total order seq on E (same events) such that:
(i) vis ∪ seq is acyclic;
(ii) seq↓Updates ∈ Spec;

(iii) ∀ ℓqr ∈ E, (seq↓vis−1(ℓqr)∩Updates )⋅ℓqr ∈ Spec .

• Execution graph = events + visibility (partial order) 
• Operations = folds over execution graphs

Specification

  Sequential data type + 
operations + 3-way 

merge function

Implementation

Simulation 
relation



• Sal/Neem RA-linearizability — operation definition itself as the sequential spec


• 


• Works well for RDTs where 


• Concrete state ~= sequential state & do operations are “correct”


• For example, efficient OR set, counters, etc. 


• However


• Broken do operations, broken RDT


• RDTs that use inflationary sets + read-side heavy lifting are trivially correct


• RGA, Peritext, priority queue…

σ5 = σ6 = linearization({op1, op2, op3, op4}) σ0

Weakness of Sal/Neem RA-linearizability



• Additional lean proofs on top of RA-linearizability


• In a multi-valued register


• Sequential writes overwrite; concurrent writes are preserved


• Neem implementation didn’t respect the former; Wasn’t caught!


• Caught by read-side proofs

ReadSide Proofs for Intent Preservation



ReadSide Proofs — Peritext



PeriText — Intent preservation

Concurrent overlapping marks

Text insertion at span boundaries



ReadSide Proofs — Peritext



Sal Playground

fplaunchpad.org/sal

http://fplaunchpad.org/sal


• Automated verification for RDTs is pragmatic and necessary 

• VCs for automated verification provide guardrails for agentic proof-oriented 
programming 

• John Regehr, “Zero-Degree-of-Freedom LLM Coding using Executable Oracles”, https://
john.regehr.org/writing/zero_dof_programming.html

Take aways

https://john.regehr.org/writing/zero_dof_programming.html
https://john.regehr.org/writing/zero_dof_programming.html


• Agents make proof-engineering cheap 

• But spec engineering needs human guidance; capturing intent


• Agentic read-side proofs worked well in cases when the theorems were written down on paper


• Small Proof-oriented Tests (SPOT), RiSE MSR blog post: https://risemsr.github.io/blog/
2026-04-16-spotting-specs/ 


• Peritext intent preservation examples are exactly this.


• Automated verification + Agentic proof engineering allows scaling to real-world 
RDTs 

• Peritext was formalised in a couple of days


• 1100 lines of Lean proofs

Take aways

What will you prove next?

https://risemsr.github.io/blog/2026-04-16-spotting-specs/
https://risemsr.github.io/blog/2026-04-16-spotting-specs/

